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1. INTRODUCTION AND REsULTS

Let <p.. be a 21T-periodic, continuous, even and non-negative function,l
satisfying the condition

1 f217
- <p..(t) dt = 1
17 0

for n = 1,2,.... The convolution operators

1 f2
".L ..(f, x) = - J(t) <p..(t - x) dt,

17 0
(1.1)

where j is a 217-periodic and continuous function, have been studied exten
sively and their approximation properties are well known (see [1, Chapter 2;
2, Chapters 1 and 2]). One of the simplest results in that direction can be
stated as follows (see [1, p. 32-33; 3]).

THEOREM A. Let <p.. be a 21T-periodic, continuous, even and nonnegative
junction, and let

ao

! + L Pk... cos kx
k=l

1 All functions in this paper are real.
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be the Fourier series of Q)n . Then, for every continuous, 27T-periodic f,

( (
1 - P )1/2)I Ln(f, x) - j(x) I ~ (1 + 7T) W f, 2 l.n •

Here, w(f, .) is the uniform modulus of continuity off
If Q)n is a trigonometric polynomial, then Ln(f, .) is also a trigonometric

polynomial whose coefficients can be expressed in terms of the Fourier
coefficients of f Although the degree of approximation by trigonometric
polynomials of this type can be very close to the optimal, the effective
construction of these polynomials requires numerical evaluation of integrals,
which in a certain sense restricts their usefulness from the computational
point of view.

Since the evaluation of integrals is based on a quadrature formula, it is
clear that most useful approximating polynomials from the computational
point of view will be obtained if the integral in (1.1) is replaced by a Riemann
sum or by a quadrature formula-type sum, provided this will not change
essentially the degree of convergence. The desirability of this approach has
been pointed out already in [4].

We shall consider here the operator

(1.2)

where Q)n is a nonnegative cosine polynomial of degree ~mn and

k = 1,2,... , mn + 2.

The operator Kn(f,·) is clearly a Riemann sum approximation of the
operator (1.1).

We shall prove here the following result.

THEOREM B. Let ifJn be a nonnegative cosine polynomial

mn

Q)n(x) = t + L Pk,n cos kx.
k~1

Then, for every continuous, 27T-periodic f,

( (
1 1/2

I Kn(f, x) - j(x)1 ~ (1 + 7T) W f -/l.n)).

In actual problems of approximation we shall consider only operators
Kn(f, -) whose degree of approximation is close to optimal.
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First example of such an operator was given by D. Jackson [5]. Jackson's
operator is generated by the kernel

ep t = 3 ( sin(nt/2) )4
n( ) 2n(2n2+ 1) sin(t/2)

1 2(n2 - 1) 2n-2
= "2 + 2n2+ 1 cos t + k~2 Pk.n cos kt.

Since mn = 2n - 2, we have tk.n = k7rjn, k = 1,2,... , 2n, and a discrete
analog of Jackson's operator is the operator

K _ 3 2n (k7r )( sin(n/2)«kTT/n) - x) )4
if, x) - 2n2(2n2 + 1) 1=/ n sin !«k7r/n) - x) •

Since

2(n2 - 1)
Pl,n = 2n2 + 1 '

from our Theorem B follows that

I Kn(f, x) - f(x) [ ~ (1 + 7T) w(f, l/n).

Another, still better, example of a discrete operator which gives a degree
of convergence close to the optimal, is generated by Korovkin's kernel (see
[1, p. 105, 106]):

m ( ) 1. 2( / ) ( cos(nt/2) )2
'¥ t =-sm 7Tn

n n cos t - cos(7T/n)

n-2
= t + cos(7T/n) cos t + L Pk,n cos kt.

k~l

We have in this case mn = n - 2, tk.n = 2k7T/n, k = 1,... , n and from (1.2)
follows that a discrete version of Korovkin's operator is the operator

K (f, x) = 2 (! sin .!!....)2 f f ( 2k7T ) ( cos(n/2)(2k7T/n - x) )2.
n , n n k=l n cos(2k7T/n - x) - cos 7T/n

Since PI.n = cos(7Tjn), from our Theorem B follows that

I Kn(f, x) - f(x) I ~ (1 + 7T) w(f, 7T/2n).
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2. PROOF OF THEOREM B

Since Kn(f, .) is a linear positive operator on the linear space of 21T
periodic and continuous functions, we have

IKn(f, x) - f(x) I ~ (Kn(l, x) + 1T(Kn(l, X»1/2) w(f, fJnCx»

+ If(x) I IKn(l, x) - 1 I, (2.1)

where fJn2(X) = Kn(sin2«t - x)f2), x) (see [1, p. 29, 30]). Thus, we only have
to evaluate Kn(l, x) and fJn(x). This evaluation is based on the following
quadrature formula ofthe highest possible degree of precision (see [1, p. 20]):
For every trigonometric polynomial T of order ~n - 1, we have

2" ( 2k1T ) 1 f2".- L T -- = - T(t) dt.
n k=l n 1T O

In particular, if tk ,., = 2k1T/(mn + 2), k = 1,2,..., m.. + 2, we have, for
every trigonometric polynomial T of order ~m.. + 1,

2 ffln+2 1 f2".

+ 2 I T(tk,n) = - T(t) dt.
m.. k=l 1T 0

We shall also use the fact that integrals of a 21T-periodic function over
arbitrary intervals of length 21T are all equal.

We shall show first that

K..(l, x) = 1.

Since ([>..(t - x) is a trigonometric polynomial of order mfl , we have

2 ffln+2

K.,(l, x) = + 2 I ([>..(tk ... - x)
m., k=l

1 f 2
".= - ([>..(t - x) dt

1T 0

1 J2'"= - ([>n(t) dt,
7T 0

and (2.2) follows.
Next,

(2.2)
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Since sin2 Ht - x) fP..(t - x) is a trigonometric polynomial of order mn + 1,
we have, by the quadrature formula,

1 f21T t
= -:;; 0 sin2 2: <P..(t) dt.

Hence,
fln 2(x) = !O - Pl.n),

and Theorem B follows from (2.1), (2.2), and (2.3).
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